Introduction
Porous sandstones are widespread in the Earth's crust. Their porous structure is ideal for fluid flow and storage. As such, it facilitates the formation of many oil and gas reservoirs, and is used for the disposal of waste water and CO 2 . Activities related to hydrocarbon extraction and waste storage induce local stress changes, and may consequently cause the sandstones to fail. Therefore, the knowledge of stress conditions leading to failure is of critical importance.
A number of experimental studies have contributed to the understanding of the stress conditions leading to failure in porous sandstones. Axisymmetric tests (σ 2 = σ 3 or σ 2 = σ 1 ) established that failure of porous sandstones is sensitive to confinement (σ 3 ) (e.g., Wong and Baud 2012) . Analysis of axisymmetric test data in terms of principal stresses fostered the application of two-dimensional failure criteria such as Coulomb and Mohr (Jaeger et al. 2007) . Alternatively, analyzing failure data in terms of principal stress invariants (octahedral shear stress τ oct , three-dimensional mean stress σ oct , and two-dimensional mean stress σ m,2 ) has led to threedimensional failure criteria such as Nadai (1950) [i.e., τ oct = f (σ oct )] and Mogi (1971) [i.e., τ oct = f (σ m,2 )]. The Nadai and Mogi criteria are also applicable to both conventional and true triaxial failure data. True triaxial tests (σ 1 ≥ σ 2 ≥ σ 3 ), though much fewer than axisymmetric tests, have unequivocally demonstrated the effect of σ 2 and/or the deviatoric stress state on failure (Mogi 1971 (Mogi , 2007 Haimson 2006 , and references therein). Rock in situ is generally subject to a true triaxial stress regime (σ 1 ≥ σ 2 ≥ σ 3 ); hence, true triaxial failure data and criteria are more representative of the actual porous sandstone behavior.
In addition to previous endeavors (e.g., Mogi 2007; Takahashi and Koide 1989; Wawersik et al. 1997 ), a few extensive true triaxial experiments were recently conducted on porous sandstones. These true triaxial tests provide important data for developing failure criteria, because they covered a wide spectrum of stress conditions [from axisymmetric compression (σ 2 = σ 3 ) to axisymmetric extension (σ 2 = σ 1 )]. Oku et al. (2007) tested a sandstone of ~ 7% porosity obtained from TCDP (Taiwan Chelungpu-fault Drilling Project), confirming the dependence of brittle failure on σ 2 as observed in crystalline rocks (Haimson 2006) . Ingraham et al. (2013) performed tests on Castlegate sandstone (26% porosity) and revealed the failure dependency on mean stress and deviatoric stress state, characteristic of high-porosity sandstones. Ma and Haimson (2016) and Ma et al. (2017a) tested two porous sandstones (Coconino and Bentheim, 17.5 and 24% porosity, respectively) for σ 3 ranging between 0 1 3 and 150 MPa. They characterized the failure dependency on σ 2 (although less prominent than in crystalline rocks), and evaluated the role of porosity on the σ 2 -effect. The porosities of these four rocks vary from a low of 7% (TCDP sandstone), to a high of 26% (Castlegate sandstone), a range that includes most sandstones.
Following the ISRM Suggested Method on Failure Criteria, 'A failure criterion for rocks based on true triaxial testing' by Chang and Haimson (2012) , we attempted to obtain experiment-based Nadai (1950) and Mogi (1971) failure criteria for the aforementioned four sandstones: TCDP (Oku et al. 2007 ), Coconino, Bentheim (Ma and Haimson 2016; Ma et al. 2017a) , and Castlegate (Ingraham et al. 2013) . The current work extends beyond the scope of Chang and Haimson (2012) , to compare σ 1 at failure (i.e., σ 1,peak ) from test data with predictions based on the experimentally generated Nadai and Mogi criteria. The applicability of Nadai and Mogi criteria to porous sandstones is then evaluated and discussed, considering failure mode evolution in these rocks.
True Triaxial Stress Conditions at Failure
A summary of the physical properties of the four sandstones is provided in Table 1 . Differences in porosity and mineralogy are expected to affect rock failure (in terms of σ 1,peak ). Figure 1 summarizes the variation of σ 1,peak with σ 3 under σ 2 = σ 3 for all four rocks. In the σ 1,peak -σ 3 domain, second-order polynomial equations adequately fit the test data of each rock, which is essentially the Mohr criterion. The magnitude of σ 1,peak is highest in Coconino, followed by TCDP, Bentheim, then Castlegate, regardless of the σ 3 (= σ 2 ) magnitude. Normally, σ 1,peak is expected to decrease as rock porosity increases, but interestingly σ 1,peak in these rocks is not necessarily ordered with respect to porosity. It is possible that the higher clay content in TCDP than Coconino lowers its σ 1,peak . Common to all four rocks is that σ 1,peak consistently rises with σ 3 , although the rate of increase gradually diminishes. In Bentheim and Castlegate, the rise in σ 1,peak appears to plateau when σ 3 rises beyond 100 MPa. In the Coconino, it appears that the plateau begins around σ 3 = 150 MPa. However, TCDP does not show any sign of plateauing at the maximum σ 3 applied (= 100 MPa). According to Mogi (2007) , the leveling is associated with the brittle-ductile transition with confinement in rocks. In Fig. 1 , the simple empirical relation summarized by Mogi (2007) for a number of silicate rocks is referenced here to generally delineate the boundary, where the brittle-ductile transition is likely to occur in these sandstones, among other empirical relations (Paterson and Wong 2005; Wong and Baud 2012; and references therein) . Note that Mogi's (2007) empirical relation (σ 1,peak −σ 3 = 3.4σ 3 ) is only for the stress state when σ 2 = σ 3 , which can differ from the true triaxial stress state (σ 1 > σ 2 > σ 3 ). The failure mode, whether brittle faulting, ductile flow or brittle-ductile transition, affects the applicability and suitability of the failure criteria. This, together with Mogi's (2007) empirical relation will be revisited and discussed later in the text.
Three of these sandstones, TCDP, Coconino, and Bentheim were tested using the same apparatus [the True Triaxial Assembly at the University of Wisconsin, see Haimson and Chang (2000) for details]. Comparison of failure Oku et al. (2007) and Haimson and Rudnicki (2010) b From Ma and Haimson (2016) c From Di Giovanni et al. (2007) and Ingraham et al. (2013) data between them is justified given limited testing system variance (Ma and Haimson 2016) . In addition, these three rocks were tested under the same test program using the so-called common true triaxial loading path (Ma 2014; Ma et al. 2017a, b) , in which σ 2 varies between σ 3 and σ 1 from test to test for select constant σ 3 levels. Utilizing this test program, the effect of σ 2 on σ 1,peak was revealed. Figure 2 depicts the stress conditions at failure of these three rocks in terms of principal stresses. The major principal stress σ 1,peak is plotted as a function of σ 2 for each constant σ 3 test series. For all three rocks, σ 1,peak increases with σ 2 for a constant σ 3 , until a plateau is reached at some σ 2 value. Beyond the plateau, σ 1,peak gradually declines so that when σ 2 approaches the magnitude of σ 1 , the σ 1,peak is approximately equal to its value when σ 2 = σ 3 (Fig. 2 ). This typical ascending-thendescending trend of σ 1,peak with respect to σ 2 can be well fitted by a second-order polynomial equation (as represented by dashed curves to each constant σ 3 series in (Duan et al. 2017) . The dependence of σ 1,peak on σ 2 for a given σ 3 also demonstrates that two-dimensional failure criteria (e.g., Coulomb) are incapable of adequately describing true triaxial failure stress conditions in porous sandstones.
The Castlegate sandstone testing was performed in a different apparatus, the smaller of the two pressure cells at the Sandia National Laboratories designed by Wawersik et al. (1997) . The adopted loading path differs from the other three rocks in that the Lode angle and mean stress rather than σ 3 and σ 2 were kept constant. For this reason, presenting the Castlegate failure data in terms of constant σ 3 series is not warranted. However, the effect of σ 2 is still evident and the results can still be compared with those of the other three rocks in the τ oct -σ oct domain ( Fig. 3 ) As discussed at length below, the effect of σ 2 is shown by the vertical scatter for a constant σ oct , as each symbol represents a different Lode angle (which quantifies the relative magnitude of σ 2 between σ 3 and σ 1 ).
Application of Nadai and Mogi Failure Criteria to Existing Data
The failure stress data was then analyzed in terms of the relationships proposed by Nadai (1950) and Mogi (1971) , respectively. Following Nadai (1950, p 210) , all experimental results (σ 1,peak , σ 2 , σ 3 ) (Fig. 3a) are presented in the τ oct -σ oct domain. Octahedral shear and normal stresses, τ oct and σ oct are the two principal stress invariants when failure occurs. Specifically,
1/2 , and σ oct = (σ 1,peak + σ 2 + σ 3 )/3. Attempts were made to represent the same failure data in the τ oct -σ m,2 domain after Mogi (1971) , where σ m,2 = (σ 1,peak + σ 3 )/2 is regarded as the two-dimensional equivalent to σ oct (Fig. 3b) .
For TCDP and Coconino sandstones, τ oct continuously rises as σ oct increases up to the maximum applied σ oct , albeit at a decreasing rate. For Bentheim and Castlegate sandstones, the rising τ oct reaches a peak when σ oct ≈ 120 MPa, beyond which it plateaus and appears to decrease with further increase of σ oct . The decrease in τ oct forms a 'cap', where failure typically occurs with no further increase or even decrease of τ oct under sufficiently high magnitudes of σ oct . The 'cap' has been identified in high-porosity rocks within the high σ oct range, where rocks primarily fail due to compression rather than shearing (e.g., Wong et al. 1997; Olsson 1999; Holcomb et al. 2007 ). The emergence of the 'cap' marks the onset of the brittle-ductile transition in these porous rocks (Wong and Baud 2012) . With the replacement of σ oct by σ m,2 following the Mogi criterion, the data dispersion for all three rocks was improved somewhat (Fig. 3b) . The improvement is most prominent in TCDP sandstone, in which all data points line up tightly along a monotonically rising curve. It is also significant in the other three rocks, although for high σ m,2 [beyond Mogi's (2007) empirical boundary] the improvement appears to be limited. The reduced data dispersion in the τ oct -σ m,2 domain has been repeatedly found in a variety of rock types, particularly in crystalline rocks (e.g., Haimson and Chang 2000; Chang and Haimson 2000; Oku et al. 2007; Lee and Haimson 2011) . It seems to hold for sandstones, however, as the rock porosity increases, the improvement gleaned by Mogi's formulae decreases under high confining stress levels.
Based on the data trend in the τ oct −σ oct and τ oct −σ m,2 domains, the two empirical failure criteria for each rock can be formulated. The data shown in Fig. 3a can be fitted rather well with power-law equations or second-order polynomial equations. To better represent the convex shape of the 'cap', the fitting was performed with quadratic equations rather than power-law equations, which were commonly used for crystalline rocks and in the Mogi criterion (Chang and Haimson 2012) . The power-law equation imposes a monotonically rising trend, which does not reflect the observations in most high-porosity sandstones. Fitting parameters (A, B, and C) of the Nadai failure criterion (Eq. 1) are shown in Table 2 for each rock.
The data shown in Fig. 3b can be fit rather well by the Mogi failure criterion (Eq. 2) with the fitting parameters (a, b, and c) shown in Table 2 for each rock.
Equations (1) and (2) represent the Nadai and Mogi failure criteria, respectively, for each rock. The goodness of fit of each failure criterion is summarized in Table 3 , which also provides the fit of each criterion to the test data under axisymmetric compression stress states (σ 2 = σ 3 ) only. The fitting curves for σ 2 = σ 3 data only are also shown in Fig. 4 , which are distinctly different from those for the entire data set. It appears that the fitting curves to two different data sets (σ 2 = σ 3 vs. σ 1 ≥ σ 2 ≥ σ 3 ) are significantly different in the τ oct −σ oct domain but are similar in the τ oct −σ m,2 domain. According to Ma et al. (2017a) , the difference in the τ oct −σ oct domain can be attributed to the influence of Lode angle on failure stress conditions. It seems that in the τ oct −σ m,2 domain this difference is somewhat masked. The goodness of fit of the Mogi criterion to two different data sets (σ 2 = σ 3 vs. σ 1 ≥ σ 2 ≥ σ 3 ) is comparable so that Kwásniewski (2013) argues that the true triaxial tests are not required to determine the Mogi criterion. There are, however, several aspects that do not necessarily agree with Kwásniewski's (2013) argument. First is that the effect of σ 2 on failure stress and failure mode would not have been discovered without true triaxial tests (Chang and Haimson 2013) . Secondly, the goodness of fit of the Mogi criterion in fact decreases as the rock enters its brittle-ductile transition (Table 3) , which is to be discussed later.
To test the applicability of the two criteria to predict failure in terms of the principal stresses, Eqs. (1) and (2) were used to back-calculate σ 1,peak for known σ 2 and σ 3 values. Consistent with the experimental program, σ 1,peak was calculated for each of the constant σ 3 levels, and the σ 2 level was varied from σ 2 = σ 3 to σ 2 = σ 1 . For each rock, the predictions are shown as continuous curves and compared against discrete experimental data points (Fig. 5) . Note that a prediction for Castlegate sandstone was not performed, since it was not tested under constant σ 2 and σ 3 (in fact controlled under constant mean stress σ oct and Lode angle Θ). The difference between the predictions by the failure criteria and the test results is readily seen as the vertical mismatch, as shown in Fig. 4 .
It is noticed that the predictions by the Nadai criterion tend to generally overestimate σ 1,peak (Fig. 5) . The predictions produce a dramatic increase of σ 1,peak as σ 2 was varied from its lower bound (= σ 3 ) to its upper bound (= σ 1 ) for a constant σ 3 , with negligible drop as σ 2 approaches σ 1 . The Nadai criterion only qualitatively predicts the ascending-descending variations of σ 1,peak with σ 2 (for constant σ 3 ) but fails to faithfully approximate the experimental trend. Thus, this criterion is impractical for engineering applications, where often σ 1,peak is sought for given σ 2 and σ 3 . The criterion τ oct = f (σ oct ) based on the widely spread test data (Fig. 3 ) cannot be used to reliably represent failure (σ 1,peak ) for specific constant σ 2 and σ 3 conditions, although it can be used as a general description of failure in terms of τ oct and σ oct . A modified Nadai criterion (Haimson et al. 2017) , which takes into account of the effect the third principal stress invariant, the Lode angle, can remedy this, but is out of the scope of this paper.
The prediction is significantly improved when the Mogi criterion was used (see Fig. 5 ). The predicted ascendingthen-descending variations of σ 1,peak with σ 2 reasonably agree with the experimental trend for most σ 3 levels. The best agreement was found in TCDP sandstone. For Coconino and Bentheim sandstones, the Mogi criterion tends to overestimate the strengthening effect of σ 2 , albeit the prediction improves as σ 3 rises. Although the Mogi criterion performs better than the Nadai criterion for these three rocks, one needs to be cognizant of a defect imposed by the former. The dotted portions of the curves (for lowto-moderate σ 3 levels in Fig. 5 ), show two predicted values of σ 1,peak for a given σ 2 value, which is unrealistic for engineering applications. This defect is due to the fact that the failure envelope of the Mogi criterion in the deviatoric plane (τ oct −Θ) has re-entrant cusps at σ 2 = σ 3 and σ 2 = σ 1 (Fig. 6 ). This results from Mogi's use of σ m,2 [= (σ 1 + σ 3 )/2] rather than σ oct [= (σ 1 + σ 2 + σ 3 )/3]. It causes Mogi's criterion to lose differentiability when σ 2 = σ 3 or 
Discussion and Concluding Remarks
Two popular failure criteria (Nadai and Mogi) were used to analyze the experimental data of four sandstones. Both the Nadai and Mogi criteria have been widely used for engineering analysis in a number of rock types (e.g., Colmenares and Zoback 2002; Al-Ajmi and Zimmerman 2005; Benz and Schwab 2008) . For most low-porosity rocks (both clastic and crystalline), the Mogi criterion fits the experimental data better than the Nadai and is also capable of generating predictions that generally match its source data. Therefore, it has been suggested for use with true triaxial test data (e.g., Mogi 1971; Al-Ajmi and Zimmerman 2005; Chang and Haimson 2012) . Consistently with previous studies, the superiority of the Mogi criterion was confirmed in the four porous sandstones reviewed in this study. Despite of its superiority, the Mogi criterion is subject to certain limitations (e.g., Chang and Haimson 2012; Jimenez and Ma 2013) . The rationale behind Mogi's formulation is somewhat vague but generally considered to be limited to the case of brittle failure (fracturing or faulting). Mogi's adjustment from σ oct to σ m,2 was largely empirical (Mogi 1971) . Based on his experimental observations, the brittle failure of rocks under compression takes the form of a through-going shear fracture (or two conjugate ones) along a plane consistently striking in the σ 2 direction. Accordingly, it is reasonable to assume that the mean stress on the failure Fig. 5 Predicted variation of σ 1,peak with σ 2 for all constant σ 3 levels using Nadai (upper row) and Mogi (lower row) criterion for TCDP, Coconino, and Bentheim sandstone, respectively. Experimental data (in symbols) are included for comparison plane (a function of only σ 1 and σ 3 ) primarily resists failure, which does not involve σ 2 . Haimson and Rudnicki (2010) gave the Mogi criterion the physical interpretation that "brittle failure, or faulting, occurs when the distortional strain energy reaches a critical value that increases monotonically with the mean normal stress on the failure plane". This interpretation points out that the prerequisite for using the Mogi criterion is that brittle failure occurs. Mogi's assumption is less applicable when porous sandstones do not fail in a brittle fashion under high confining pressure. Figure 8 by Ma and Haimson (2016) and Fig. 4 by Ma et al. (2017a) clearly show the evolution of failure mode with increasing confining pressure (σ 2 = σ 3 ) in Coconino and Bentheim sandstones. As the rock enters the brittle-ductile transition zone, which was marked in the Nadai and Mogi space in Fig. 4 , shearenhanced compaction bands at low angles and even pure compaction bands begin to develop, such that the failure departs from the brittle mode. The onset of brittle-ductile transition in fact coincides with the degradation of the fit of the Mogi criterion to test data ( Fig. 4; Table 3 ). This implies the Mogi criterion has limited applicability when a compactive failure mode (as opposed to a brittle failure mode) occurs, although the required stress level is not common, where these porous sandstones are buried in situ.
The Mogi criterion describes true triaxial failure better than the Nadai criterion due to its consideration of the third principal stress invariant. The deficiency of the Nadai criterion can be attributed to its use of only two principal stress invariants (τ oct and σ oct ) and neglecting the effect of Lode angle (Haimson et al. 2017) . It imposes a circular envelope on the deviatoric planes as opposed to Mogi's and Coulomb's hexagonal shape (Fig. 6) , which is not realistic for rocks. The Mogi criterion does, implicitly, involve all three invariants (τ oct , σ oct , Θ) as σ m,2 is a function of σ oct and Θ. Therefore, the formulation of the Mogi criterion has certain flexibility to reflect the effect of the Lode angle, or σ 2 . To conclude, the Mogi failure criterion can be practically used in most engineering scenarios, where failure modes are dominantly brittle, but this should be done with caution. 
